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1 Poisson Process

Definition 1 (Counting Process). A counting process {NV; };>0 is a collection of non-negative, integer-
valued random variables such that if 0 < s <t, then Ny, < N,.

Definition 2 (Poisson Process). A Poisson process with parameter A is a counting process {N;};>0
with the following properties:

1. Stationarity : N; 2 Ngiy — N with Ny = 0.

2. Independent Increment : Ny, Nyyp — Ny are independent.

3. Proportionality : P(N, = 1) = Ah+o(h) as h — 0.

4. Rareness : P(N), > 2) = o(h) as h — 0.
Theorem 1 (Distribution of Ny). Let {N;};>0 be a Poisson process. Then

Ny ~ Poisson(\t)
Proof. Since {N;}+>0 is a counting process, we have
P(Nepn =) = > P(Nypn = 2, N, = k)
k=0
(Niyph=2,Ny=2—1)+P(Npyp =2, N, <2 —2)

Nin — Ny =0,N; = @) + P(Nysp — Ny = 1, Ny = 2 — 1) + P(Noyp — Ny > 2, Noyp = )

(

(

(Nn = 0)P(N; = x) + P(N, = D)P(Ny = 2 — 1) + o(h)

(Nt =2){1 — (Ah+o0o(h)) —o(h)} + P(N; =2 — 1){\h + o(h)} + o(h),
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where the fourth equality follows from the stationarity and independence of increments, together with
the rareness condition of the Poisson process. And the fifth equality follows since

P(Ny = 0) = 1 — P(Nj, = 1) — P(Ny > 2)
Let g(x,t) := P(IN; = x), then
g(z,t+h) =gz, t){1 — (A +o(h)) —o(h)} + gz — 1,6){\h + o(h)} + o(h).

Thus, we have

@9t = Jim, h
= =Ag(z,t) + Ag(x — 1,¢).



Now, by famous fact from first order ODE, we can observe that

d
M —g(w,t) + AN g(@,t) = AeMgla — 1,1)

= LM )/N) = Mgl — 1,1)/N"

Finally, by the fact that Ny = 0, we can observe ¢(0,0) =1, ¢(1,0) = g(2,0) =--- = 0.

g/(oat) = *)‘g(oat) + )‘g(flvt) = 7>‘g(0,t)
= g(0,t) = e~ M

d
= Z{eMg(L,)/AT} = AMg(0, 1) /A =1
= g(1,t) = Me™

Recursively, we can get
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P(N, = z) = g(x,t) = "

, x:O’l,...
O

Theorem 2 (Distribution of Waiting-Time). Let W,. denote the waiting time until the r-th arrival in
the Poisson process { Ny }i>o with rate X\. Then
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Furthermore, the interarrival times
Wi, Wo =Wy, ..o, W — W,
are i.i.d. and satisfy
Wi, Wo — Wi, oo, Wy — Wy 9 Exp(i) .

Proof. Let X; :=W; — W;_; for j > 1, with Wy := 0, so that in particular X; = Wj.
First, X1 ~ Exp(%)7 since
{Xy >t} ={W1 >t} = {N; =0},

and hence
P(X; >t) =P(N; = 0) = e M.

Next, for s,t > 0, conditioning on X7 = ¢, we have
{Xo> s} ={Wa — W) > s} = {Neys — Ny = 0}.
By the stationary and independent increments property of the Poisson process,
Nitys — Ny ~ Poisson(\s), Niys — Ny L Ny

Therefore,
P(Xy>s| X;=t) =P(Nyps — N; =0) = e .

Since this does not depend on t, it follows that
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More generally, for n > 1, conditioning on W,, = t,,, we have

{Xng1 > s} ={Whi1 = Wy > s} = {N, 45 — Ny, =0}

Hence,
P(Xpi1>5| Wy =t,) =P(Ny, s — Ny, =0) =e .
Since W, is a function of X1q,..., X, this implies
P(Xp41 >8] X1,...,X,) =e .

Therefore,

1

Xn+1 ~ EXP<A> s Xn+1J_(X1,...,Xn)‘

By induction, X7, X, ... are i.i.d. Exp(%).
Finally,

and since the sum of r i.i.d. Exp(%) random variables is Gamma(r, %), we conclude that

1
W, ~G -
amma(r A)

1.1 Uniform Distribution

Our other interest is in the distribution of arrival times of a Poisson process S, when N; = n is
observed.

Theorem 3 (Distribution of St). Let S1,Ss,...,S, be the arrival times of a Poisson process with
parameter X. Then

n!
fSl,SQ...,S»nlNgZ'VL(Sl?82’ .. 'asn) = t?H{O <51 < <5y < t}a

which implies (S1,...,Sn) 2 Uays - Umy)-

Proof. See Page 269 of this. O

1.2 Bernoulli Process

Definition 3 (Bernoulli Process). A Bernoulli process with parameter 8 € [0,1] is a (discrete-time)
counting process {Sy, }n>0 defined by

n

Sy =0, Sn=>_7; (n>1),

j=1

where id
71, Zs, ... ~ Bernoulli(6).


https://dl.nemoudar.com/Introduction-to-Stochastic-Processes-with-R.pdf#page=269
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