Notes on Asymptotic Analysis
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1 Information Inequality

Theorem 1. Let 0, :=n,(X1,...,X,) be estimator for 7 := 7(0). Then, under RO-R5,
Varg(n) > VEg(1,) " {nI(8)} ' VEo(ny)
Proof. Note that we have
Covg (11, S0 (6)) = Eg[1 5, (6) ]

_ / (Ve (0)T [ fowidas ... dw,

1€[n]

= /nn(v£n(0))T eXp(Kn(G))dacl ...dz,
= /7771{v eXp(Zn(e))}del - dxn

= V{/nn exp({n(0)dzy .. .dx,}
= VEo[n] "
The best linear predictor of 7, in terms of S, (0) is
Eo(nn) + Covg (11, S(0)){Vare[S(0)]} ~{Sn(6) — Eg[S,(0)]}
= Eg(11) + VEo[n,) " {n(6)}"5,(6)
=a+ BS,(0)
The variance of the difference of 7,, and its best linear predictor is then
Varg[n, —Eo(na) — VEg[n,] " {nl(6)}"5,(6)]
= Varg(n,) + B Vare(Sn(8))BT — Covg (1, Sn(6))BT — B Covg(Sn(6),nn)
= Varg(11m) — VEg[na] " {nI(6)} ' VEg[n,] > 0

Corollary 1. Ifn, is an unbiased estimator for T := 7(0),
Varg(n,) > Vr(0) " {nI(0)}*Vr(0)
Proof. Tt is straightforward by the fact that Eg[n,] = 7(6)
Corollary 2 (Cramer-Rao Inequality). If 0, is an unbiased estimator for 8,
Varg(0,) = {nI(0)} "
Proof. Say n:= ¢ for any ¢, and consider 7, = ¢ ,,. Then, by the we have
Varg(n,) = ¢ Varg(0y)e > ¢ {nI(0)} e,

which gives us the desired result.



2 Big/Little-Oh in a Probability Language

Let {X,} and {R,} be sequences of random variables, and {a,} be a corresponding sequences of
constants.

Definition 1 (Big-O-p Notations). We say X, is bounded in probability and denoted X,, := O,(R5,)
if

Ve >0, M < oo, AN € Ns.t. Vn > N, IP’(|Xn/Rn| > M) <e.
Below statement is equivalent.

lim supP(|X,/R,| > k) =0
k—oo n

Definition 2 (Little-O-p Notations). We denote X, := 0,(R,,) if

X7I
‘ 1 B

Ry,

It suffices to work with the orders O,(1) and o,(1). Indeed, to compare two sequences of random
variables (X,) and (R,,), one can reduce the problem to the ratio X,,/R, (whenever R, # 0 with
high probability) and then study whether this ratio is O,(1) or o,(1).



Theorem 2. Let X,,,Y,, and Z, be random variables such that
Xn = 0,(1), Y, = 0,(1), Zy, = 0p(1).
Then, as n — oo,
1. X, +Y, =0,(1),
XY, = 0,(1),
Zn X, = 0p(1),
Zn = Op(1),

Svo o

Zy, + X, = O,(1). (This follows immediately from 4.)
Theorem 3. If f(z) = o(g(x)) as x — a and X, B a, then f(Xn) = 0p(9(X0))
Proof. Let €1,€2 > 0 be given. By the assumption, we have

6 >0st|z—al<d=|f(x)/9(x)] <ea
AN eNst.n> N = P(|X,, —a| > ) <e.

Thus,

~

(z)

x)

>er=|r—al>6
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—~

Substitute X, for z and take probability on both side. Then,

f(Xn)
P(g(Xn) 261> SP(|Xn—a\ 25) < €y
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